Abstract. In this paper, we introduce conformal Kenmotsu manifolds which are not kenmotsu, but by a conformal transformation they are Kenmotsu. We give a characterization of CR-hypersurfaces in conformal Kenmotsu space form when shape operator A is parallel, scalar, recurrent and Lie ξ-parallel.
Introduction
A Kähler manifold M is constructed of a Riemannian metric g, a complex structure J and a symplectic form Ω that satisfy the condition Ω(X, Y ) = g(JX, Y ) for all vector fields X and Y on M . Let (M 2n , J, g) be a complex 2n-dimensional Hermitian manifold, where J denotes its complex structure and g its Hermitian metric. Then (M 2n , J, g) is a locally conformal Kähler manifold if there is an open cover {U i } i∈I of M 2n and a family {f i } i∈I of C ∞ functions f i : U i −→ R so that each local metric g i = exp(−f i )g |Ui is Kählerian. Here g |Ui = ı * i g where ı i : U i −→ M 2n is the inclusion. Also (M 2n , J, g) is globally conformal Kähler if there is a C ∞ function f : M 2n −→ R so that the metric exp(−f )g is Kählerian [5] . The first study on locally conformal Kähler manifolds was done by Libermann in 1955 [8] , and in 1982 Tricerri mentioned different examples about the locally conformal Kähler manifold [10] . In 2001, Banaru [2] succeed to classify the sixteen classes of almost Hermitian manifold by using the two tensors of Kirichenko, which are called the Kirichenko's tensors. Abood studied the properties of these tensors [1] . The locally conformal Kähler manifold is one of the sixteen classes of almost Hermitian manifold. In 1972, K. Kenmotsu introduced a class of contact metric manifolds, called Kenmotsu manifold, which is not Sasakian [7] . In this paper we get the idea of constructing locally conformaly Kähler manifolds and define conformal Kenmotsu manifolds. Kimura and Maeda [10] have proved that a real hypersurface M in a complex projective space CP m satisfying ∇ ξ A = 0 is a tube over a totally geodesic complex submanifold CP m . with radius 0 < r < π 2 . The structure vector field ξ mentioned above is defined by ξ = −JN , where J denotes a Kähler structure of CP m and N a local unit normal field of M in CP m . The notion of recurrent tensor field of type (r,s) on a differentiable manifold M with a linear connection was introduced in [11] and [19] . A non-zero tensor field K of type (r,s) on M which is said to be recurrent if there exists a 1-form α such that ∇K = K ⊗ α. Recently, Hamada [6, 7] applied such a notion of recurrent tensor Key words and phrases. Kenmotsu manifold, conformal Kenmotsu manifold, space form, CRhypersurface, recurrent shape operator.
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to a shape operator A for real hypersurfaces M in complex projective space CP m in such a way that ∇A = α ⊗ A for a certain 1-form α defined on M , and proved complex projective space CP m does not admit any real hypersurface with recurrent shape operator. On the other hand, Suh [14] have explained the geometrical meaning of recurrent shape operator A as follows:
for any tangent vector field X defined on M , that is, the eigenspaces of the shape operator A of M are parallel along any curve γ in M . Here, the eigenspaces of the shape operator A are said to be parallel along γ if they are invariant with respect to any parallel translation along γ. Now, in this paper we consider CR-hypersurfaces of conformal Kenmotsu space form when shape operator A is parallel, scalar, recurrent and Lie ξ-parallel.
riemannian geometry of conformal kenmotsu space form
A 2n+1-dimensional differentiable manifold M is said to be an almost contact metric manifold if it admits an almost contact metric structure (ϕ,ξ,η,g) consisting of a tensor field ϕ of type (1,1), a vector fieldξ, a 1-formη and a Riemannian metric g compatible with (ϕ,ξ,η,g) satisfying following properties
for all vector fields X, Y on M . An almost contact metric manifold (M 2n+1 , ϕ,ξ,η,g) is said to be Kenmotsu manifold [7] if
From (2.1), we have∇
where,∇ denotes the Riemannian connection ofg. Let M be a Kenmotsu manifold. A plan section in T m M 2n+1 is called a ϕ-section if there exists a vector X ∈ T m M 2n+1 orthogonal to ξ such that {X, ϕX} span the section. The sectional curvature K(X, ϕX), denoted H(X), is called ϕ-holomorphic sectional curvature. A Kenmotsu manifold M with constant ϕ-holomorphic sectional curvature c is said to be a Kenmotsu space form and is denoted by M (c). The necessary and sufficient condition for M to have constant ϕ-holomorphic sectional curvature c is [9] 
with new almost contact metric structure (ϕ,η,ξ,g) be a Kenmotsu manifold. A smooth manifold (M 2n+1 , ϕ, η, ξ, g) with constant ϕ-holomorphic sectional curvature is called a conformal Kenmotsu space form if there is a positive smooth function f :
with new almost contact metric structure (ϕ,η,ξ,g) be a Kenmotsu space form. The Riemannian connection ∇ of the metric g is given by
which is known as Koszul formula. Let M 2n+1 be a conformal Kenmotsu manifold and∇ and ∇ denote Riemannian connections M 2n+1 with respect to metricsg and g, respectively. Using Koszul formula, we obtain the following relation between the connections∇ and ∇ :
such that ω(X) = g(gradf, X) = X(f ) and g(ω ♯ , X) = ω(X) that ω ♯ = gradf is Lee vector field of (M 2n+1 , ϕ, η, ξ, g). LetR and R denote the curvature tensor on (M 2n+1 , ϕ,η,ξ,g) and (M 2n+1 , ϕ, η, ξ, g), respectively. Then the relation betweenR and R is given by
for all X, Y, Z on M , where
Furthermore, by the relations (2.1), (2.2) and (2.4) we get
for all X, Y on (M, ϕ, η, ξ, g).
cr-hypersurfaces in conformal kenmotsu space form
Let M be (2n+1)-dimensional conformal Kenmotsu space form with almost contact metric structure (ϕ,
for all X, Y ∈ TḾ. Also let N be the unit normal vector field toḾ , we put ϕN = −U . Clearly U is a unit tangent vector field onḾ , becausé
We denote by D ⊥ = span{U, ξ} the 2-dimensional distribution generated by U and ξ, and by D the orthogonal complement of D ⊥ in TḾ. Thus we have the following decompositions
HenceḾ is a CR-hypersurfase of M . LetḾ be CR-hypersurface of conformal Kenmotsu space form M . Denote by ∇ and∇ the Levi-Civita connection on M and induced Levi-Civita connection onḾ respectively, by using (3.1) and (3.2), the Gauss and Wiengarten formulas are
where A is the shape operator ofḾ with respect to unit normal vector field N . It is known that
In the usual way, by using (2.4) and (2.4) we derive the Codazzi equation;
for all X, Y ∈ TḾ. 
for all X, Y onḾ .
2) Let vector field ω
♯ is tangent toḾ and non-zero. Then
Proof. 1 and 2 result from the Gauss and Weingarten formulas and relations (2.6) and (2.8).
Lemma 3.2. LetḾ be a CR-hypersurface of conformal Kenmotsu space form (M, ϕ, ξ, η, g). We have 1) Suppose that ω ♯ = N . Theń
2) Let vector field ω ♯ is tangent toḾ and non-zero. Theń
Proof. 1 and 2 follow of the Gauss equation and relations (2.5), (3.5), (3.6), (3.9) and (3.10).
cr-hypersurfaces with parallel shape operator
Theorem 4.1. There do not exist any CR-hypersurfacesḾ in conformal Kenmotsu space form (M, ϕ, ξ, η, g) with parallel shape operator and c = −1.
Proof. Suppose that∇ X A = 0 for all X ∈ TḾ. If we put 0 = X ∈ D and Y = U in (3.3), we have
The set {ϕX, X, U } is linearly independent. Then c = −1 which contradicts the hypothesis.
Corollary 4.2. LetḾ be a CR-hypersurface of a conformal Kenmotsu space form (M, ϕ, ξ, η, g) with parallel shape operator. Then c = −1 and we have
LetḾ be a CR-hypersurface of a conformal Kenmotsu space form (M, ϕ, ξ, η, g) with parallel shape operator. If vector field ω ♯ is tangent toḾ and non-zero then Aω ♯ = 0 and A∇ X ω ♯ = 0 for any X onḾ .
Proof. Since vector field ω ♯ is tangent toḾ we have B(X, N ) = ω(AX) for any X onḾ . Hence from (4.1) and (3.8) we get Aω ♯ = 0.
Corollary 4.4. LetḾ be a CR-hypersurface of a conformal Kenmotsu space form (M, ϕ, ξ, η, g) with parallel shape operator. Suppose vector field ω ♯ is tangent toḾ and non-zero, then we have 1) Let ω ♯ is orthogonal to ξ, then eitherḾ is totally geodesic or f = 2ln ω ♯ −ln2.
2) Let ω ♯ = βξ that β is non-zero constant, thenḾ is totally geodesic.
Proof. Since the shape operator A is parallel we havé
for all X, Y, Z onḾ . Now using from (3.8), (3.11) and corollary 4.3 we get
for any X orthogonal to vector field ξ. Proof. Since the shape operator A is parallel we have (4.2). Now using from (3.6) and (3.12) we obtain
for any X orthogonal to vector field ξ. (3.6) and (4.4) showḾ is totally umbilic with scalar Proof. Suppose that AX = λX for all X ∈ TḾ where λ is a scalar function. By using (3.3), we have
for all X, Y onḾ . If we put 0 = X ∈ D and Y = U in above equation, we get
Corollary 5.2. LetḾ be a CR-hypersurface of a conformal Kenmotsu space form (M, ϕ, ξ, η, g) with scalar shape operator. Then c = −1 and we have Proof. It immediately results from (3.6).
cr-hypersurfaces with recurrent shape operator
LetḾ be a CR-hypersurface of a conformal Kenmotsu space form (M, ϕ, ξ, η, g). M is said to be with recurrent shape operator if there exists a 1-form α onḾ such that
for all X, Y onḾ . Proof. If we put Y = ξ in (6.1) then from (3.6) and (3.7) it follows that
for all X onḾ . From inner product above equation with vector field ξ and by using from (3.6) we obtain 1 2 α(X) = 0, for any X onḾ . Hence α = 0.
Theorem 6.2. LetḾ be a CR-hypersurface of a conformal Kenmotsu space form (M, ϕ, ξ, η, g) with recurrent shape operator A. If vector field ω ♯ is tangent toḾ and non-zero. We have 1) Let ω ♯ is orthogonal to ξ, thenḾ is totally geodesic. 2) Let ω ♯ = βξ that β is non-zero constant, then eitherḾ is totally geodesic or f = 2(lnβ − ln2).
Proof. Let we put Y = ξ in (6.1), then from (3.10) and (3.11) we get
for any X orthogonal to ξ. Now (3.10) and (6.2) complete the proof of the lemma. Proof. From (7.1) we have (∇ ξ A)X −∇ AX ξ + A∇ X ξ = 0, (7.2) for any X onḾ . From (3.3), (3.4) and (3.6) we obtain (∇ ξ A)X = 1 2∇ X ξ − A∇ X ξ. ♯ is tangent tó M and non-zero. We have 1) Let ω ♯ is orthogonal to ξ, thenḾ is totally geodesic. 2) Let ω ♯ = βξ that β is non-zero constant, then eitherḾ is totally geodesic or f = 2(lnβ − ln2).
Proof. From (3.3), (3.8) and (3.10) we obtain (∇ ξ A)X = −A∇ X ξ + 1 2 ω(AX)ξ, (7.5) for any X onḾ . Now from (3.11), (7.2) and (7.5) we have From inner product (7.6) with ξ and by using (3.10) we obtain ω(AX) = 0 for any X onḾ . Hence Aω ♯ = 0. Then from (7.6) we get Above equation complete the proof of the lemma.
